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1. Introduction

The Laplacian matrix in graph theory has many interesting properties and appli-
cations in chemistry and physics, see the beautiful survey by Mohar [1]. This matrix
plays a role in the linear and nonlinear motions in mass-spring models with connectiv-
ities described by a graph. The spectrum and eigenvectors of the corresponding graph
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Laplacian describe the respective frequencies and spatial profiles of the linear modes of
these models. The present study considers graphs obtained by joining complete graphs
and chains. Such graphs are limiting models of the ones proposed in [2-4] to understand
how localized oscillations occur in enzymes; see also the mass-spring models studied in
[5-9]. Localized oscillations are believed to occur in small regions of higher density of
the enzyme where aminoacids interact with a larger number of neighbors [7,8]. Typi-
cally, for enzymes with about a thousand aminoacids, these small regions connect about
forty aminoacids with higher connectivity. At this time, however, the biologists do not
understand the role of these localized oscillations in biochemical reactions.

Complete graphs connected by chains may also be useful simplifications in problems
where clusters are weakly connected to outside structures. For the electrical grid, this
can correspond to urban areas of high connectivity coupled weakly together [10]. For
reaction-diffusion and related processes on graphs, changes in the connectivity affect the
speed of propagation of fronts. They can also cause the presence of static fronts that may
act as barriers to prevent further propagation. Examples of bistable reaction diffusion
models where graph geometry influences the existence and stability of static solutions
include [11-13]. Another application is population dynamics and epidemiological models,
where the graph represents the interaction between populations of different sizes and
types [11,14,15]. The literature on epidemiological models on graphs is large and spans
different disciplines, a recent review of results is [16].

In the present work, we consider some of the simpler examples of complete graphs
connected to chains in order to obtain detailed information on the question of localized
modes and their frequencies. We study first the Laplacian of a complete graph of p > 6
nodes joined to a chain of ¢ > 3 nodes and show the existence of p — 2 eigenvectors with
support in the complete graph component, these are referred to as “clique eigenvectors”.
The clique eigenvectors are degenerate and have eigenvalue p, see Proposition 3.3. We
also show the existence of an eigenvector that decays outside the complete graph nodes
and corresponds to an eigenvalue in the interval (p,p + 2), see Proposition 3.10. This
localized eigenvector, referred to as an “edge eigenvector”, has its maximum amplitude
at the node connecting the complete graph to the chain and decays exponentially (up to
a small error) in the chain. Our analysis also gives the decay rate of the edge eigenvectors
and asymptotics for large p. The remaining eigenvalues are in [0,4]. The corresponding
eigenvectors, referred to as “chain eigenvectors”, have small amplitude in the nodes of
the complete graph. Similar statements apply to the case where p > 6, and ¢ = oo,
see Propositions 3.4, and 3.6. The results on clique and edge eigenvectors and their
eigenvalues are similar to the ones obtained for finite chains. The spectrum includes the
interval [0, 4], corresponding to oscillatory nondecaying generalized eigenvectors.

We also analyze the spectrum of a complete graph of p > 5 nodes joined to two chains
of g1, g2 > 3 nodes respectively. We show the existence of p — 3 clique eigenvectors and
two edge eigenvectors, see Propositions 4.2, 4.9. In the case ¢1 = g2 = ¢ we have one
symmetric and one antisymmetric edge eigenvector. The remaining eigenvalues are in
[0,4] and correspond to chain eigenvectors. For ¢; = g2 = 0o we have similar results for
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the localized states, see Propositions 4.3, 4.4, with one symmetric and one antisymmetric
edge eigenvector. The spectrum includes the interval [0, 4].

The constructive proofs of the edge eigenvectors for both finite and infinite chains
start with an exact computation of the clique eigenvectors. The eigenvectors normal to
the clique eigenvectors are examined by interpreting the eigenvalue problem at the chain
sites as a linear dynamical system, with additional conditions at the boundary of the
chain. This analysis yields an algebraic equation for the edge eigenvalues. We obtain
bounds for the edge eigenvalues by examining the roots of the algebraic equations. Note
that the proofs for the one- and two-chain finite and infinite problems follow the same
pattern. For two chains, the algebraic equations become more involved. The analysis can
be simplified by symmetry or by using the Courant-Weyl estimates. We note that the
Courant-Weyl estimates, Lemmas 3.2, 4.1, give a good approximation of the spectrum for
finite graphs. The dynamical approach is independent and leads to more precise results.

We also present additional numerical and asymptotic results, for instance simplified
expressions of the decay rate of edge eigenvectors for large p. We also note the possibility
of embedded eigenvalues for small values of p. The results obtained for one or two chains
connected to a complete graph suggest conjectures for the spectrum of a graph composed
of many complete graphs connected by chains.

The article is organized as follows. Definitions and notation are presented in section 2.
Sections 3 and 4 contain respectively the analysis for a complete graph connected to one
and two chains. In Section 5 we present conjectures on the spectrum of a graph composed
of many complete graphs connected by chains.

2. Definitions and notation

A finite undirected graph G = (V,¢) is defined by a set of vertices V € Z together
with a connectivity function ¢ : V x V — {0, —1} satisfying ¢;; = —1 if vertices 4, j are
connected and 0 otherwise. From the connectivity function, one can build the Laplacian
matrix of G with |V| = n as the n x n matrix L such that L;; = ¢;; = —1 if ij is an
edge and L;; = Z;;l L;;. We assume the graph to be connected L;; > 0,Vi. The degree
d; = L;; is the number of connections of vertex i.

Since L is symmetric and nonnegative, its eigenvalues Ag,k = 1,...,n are real non

k

negative and the eigenvectors v* can be chosen orthonormal. We can order the eigenvalues

in the following way
A > A > > )N, =0.

Note that only A, is zero because the graph is connected [17].

We also allow the graph to be infinite, so that G = (V,¢) is a subset V of Z but
assume a finite degree for each vertex.

We introduce some additional definitions for infinite graphs. Consider the standard
Hermitian inner product (f,g)c. = Y jer fi97, [, g complex-valued functions on V, and
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the corresponding space 12 = [2(V;C) of f satisfying ||f]|% = (f, f)e < oo. We also
consider the space [o° of functions f satisfying sup,c,, |fjl < oo. The real subspaces
of real valued elements of [2, [>° will be denoted by [?, [*°. The restriction of {-,-). to
elements of [? x [? defines an inner product in [, denoted by (-, -).

Given a bounded linear operator M in [2, the residual set p(M) of M is the set of
all A € C for which M — AI has a bounded inverse in /2, I the identity. The spectrum
o(M) is the complement of p(M) in C. The point spectrum o,(M) of M is the set
of all A € C satisfying Mv = Av for some v in 2. Such v € [? are also denoted as
eigenvectors of M. We have o,(M) C o(M). The Laplacian L of a graph of finite degree
is a bounded operator in /2, and is also Hermitian, and nonnegative. We therefore have
o(L) C [0,+00). By the reality of L, o(L), we may seek eigenvalues of L in [2.

In the case a finite graph, o(L) = o,(L), i.e. the set of eigevalues above. In the case
of infinite graphs, the spectrum of L may be larger than the point spectrum. We use
the notion of the essential spectrum o, (M) of a bounded operator M in [? defined as in
[18], p-29, namely A € o(M) belongs to o.(M) if M — A either fails to be Fredholm,
or is Fredholm with nonzero index, see e.g. [19], p.243, for a weaker condition, namely
M — AI not semi-Fredholm.

In the case of the graphs studied below we see examples of u € [2°, u ¢ [2, that satisfy
Lu = Au. Such A, and u may be referred to as generalized eigenvalues and eigenvectors
of L respectively. We can show that such A belong to o.(L), see e.g. [18], ch. 1. Also, we
see examples of graphs for which o.(L) No,(L) # 0, the corresponding eigenvalues may
be referred to embedded eigenvalues. We may distinguish cases where we have elements
in 0, (L) is in the interior or the boundary of o.(L).

We recall the standard definitions of a chain and a clique, together with well-known
properties.

Definition 2.1. A chain or path P, is a connected graph of ¢ —1 > 3 vertices whose
Laplacian L is a tri-diagonal matrix.

The eigenvalues of the Laplacian of P, are given by

mg—1)—3j

\; = 4sin® [
! 2(q—1)

:|7 Jj=1...,q-1, (21)
see e.g. [20].

Definition 2.2. A clique, K, is a complete graph with p vertices. Its Laplacian has p on
the diagonal p and all other entries are equal to —1.

The spectrum of a clique K, is well-known [17], we have
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Property 2.3. A clique K, has eigenvalue p with multiplicity p — 1 and eigenvectors
v* = (1,0,...,0,-1,0,...,0,)T, k= 1,...,p— 1 and eigenvalue 0 for the constant
eigenvector vP.

2.1. A chain connected to a clique

We consider graphs formed by the association of clique K, and a chain P, denoted
by G = K, ® P, with p > 3, ¢ > 2 positive integers, defined by the set

V=V, UVyq, Vp_={-p+1,-p+2,...,0}), V,y={1,2,...,q—1}, (2.2
and a connectivity matrix ¢ that satisfies

Cij = -1, Vl,j € Vp’77 (23)
co1 = c10 = —1,
cij=—1, Vi,jeV,y with |i—j]=1,

and ¢;; = 0 for all other pairs (i,7) € V x V. Equations (2.3)-(2.5) describe a complete
graph of p nodes, the set V, _, joined to a chain of ¢ nodes, the set V, ; with nearest-
neighbor connectivity (2.5). The two sets are joined by (2.4).

Property 2.4. The Laplacian of a graph composed of a complete graph of p nodes joined
to a chain of ¢ nodes is

L= Ly, +Lp,

where L/Pq is the (p+ ¢ — 1) X (p 4+ ¢ — 1) matrix containing the Laplacian of the chain

P, L;,q = (8 L?aq) and similarly L L= <L6(P 8)

We then write the graph as K, © F,.

2.2. A motivational example

We consider the graph Kg ® P, shown in Fig. 1.
The Laplacian is

5 -1 -1 -1 -1 -1
-1 5 -1 -1 -1 -1
-1 -1 5 -1 -1 -1
-1 -1 -1 5 -1 -1 . . .
L=|-1 -1 -1 -1 5 -1 . . .|, (2.6)
-1 -1 -1 -1 -1 6 -1
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Fig. 1. A chain 3 coupled to the clique Kg.

Table 1

Numerically computed eigenvectors and eigenvalues for the graph G = Py @ Kg.
node vt v? 03 vt v® v® o7 08 v?
1 0.1524 0 0 0 0 -0.04879  0.098934 -0.23129  0.33333
2 0.1524 -0.707 0O 0.707 0 -0.04879  0.098934 -0.23129  0.33333
3 0.1524 0 0.707 -0.707 0 -0.04879  0.098934 -0.23129  0.33333
4 0.1524 0.707 0 0 0.707 -0.04879  0.098934 -0.23129  0.33333
5 0.1524 0 -0.707 0 -0.707  -0.04879  0.098934 -0.23129  0.33333
6 -0.9198 0 0 0 0 0.10652 -0.051079  -0.16999  0.33333
7 0.19043 0 0 0 0 0.54399 -0.72369 0.18156 0.33333
8 -0.039105 0 0 0 0 -0.75017  -0.29898 0.48499 0.33333
9 0.0064791 0 0 0 0 0.34361 0.57908 0.65988 0.33333
A 7.0355 6 6 6 6 3.1832 1.5163 0.26503 0

where Lp, is the Laplacian of an n = 9 vertex graph such that the last 4 vertices form a
chain ¢ =4, Lk, is the Laplacian of an n = 9 vertex graph such that the first 6 vertices
form a clique p = 6 and where the 0’s are represented by . for clarity.

The eigenvectors and corresponding eigenvalues can be computed numerically. They
are in Table 1.

We see that p — 1 = 4 of the p = 5 eigenvalues of K¢ are preserved. This is easy to see
by padding with zeros 4 eigenvectors of Kg

v? = (0;0;0;-1;1;0;0;0;0)7, v* = (0;1;-1;0;0;0; 050, 0)",
vt = (0;0;1;0;=1;0;0;0;0)", v = (0; 1503 1;0; 0; 0;0;.0)"

7

The five other eigenvectors {v',v5 v7,v® v} have the property that

vi =2t k<4, (2.7)

because these eigenvectors need to be orthogonal to the eigenvectors of the clique
{v2,v3,v*, v}, They are then constant in the clique section of the graph k < 4 except
at the junction vertex.

For the graph studied above, these eigenvectors are plotted in Fig. 2.

In the article, we prove the results illustrated in this example, specifically
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7.03 —— i
3.18 —— /\
1.52 / x
0.5 026 // \ //“
/A
| A \
0 / \/\‘/W"”’
-0.5
-1

Fig. 2. Plot of the eigenvectors {vl,vﬁ,v7,v8} obtained numerically corresponding to eigenvalues
7.03, 3.18, 1.52, 0.26.

 the existence of p — 2 “clique” eigenvalues p for a graph G = K, ® F,. The corre-
sponding eigenvectors are non zero in the clique region only.

o the existence of one “edge” eigenvalue, strictly larger than p, constant in the clique
region and decaying in the chain region.

 the existence of two “edge” eigenvalues, strictly larger than p for a clique K, con-
nected to two chains Py, FPy,.

3. A chain connected to a clique

We study the graph K,® F,. The first step will be to use the Courant-Weyl inequalities
on the sum of two Hermitian matrices to obtain bounds on the eigenvalues of K, @© P,.

3.1. Courant- Weyl inequalities

We have the following Courant-Weyl inequalities, see e.g. [21].
Proposition 3.1. Let A, B symmetric n x n matrices, then the Weyl inequalities are
Aky (A) + Ay (B) < Ai(A + B) < A5, (A) + A, (B), (3.1)

foralli=1,...,n, and all ky, ko, j1, j2 € {1,...,n} satisfying k1 + ke = n+1i and
Jitje=i+1.

For A, B nonnegative this also implies
Ai(A) S Xi(A+ B) < A, (4) + A5, (B), (3.2)
foralli=1,...,n, and all 1,72 € {1,...,n} satisfying j; + jo =i + 1.

Lemma 3.2. Let L be the graph Laplacian of the graph K, ® P,, p > 4, ¢ > 4.
Then M\ (L) € [p,p + 2|, and \;(L) = p, for every j in {2,...,p — 1}. Also \p(L) €
(0, min{\1(Lp,) + 2,p}) (C (0,p) if p > 6), and X\j(L) € [0,4), for every j in
{p+1....p+q—1}
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Proof. We will apply the Weyl inequalities (3.2) using the decomposition L = A + B,
where A is the (p+¢+1) x (p+ ¢+ 1) block diagonal matrix with blocks Lx, and Lp,.
The only non-vanishing elements of B are B(p,p) = B(p+ 1,p+1) =1, B(p+ 1,p) =
B(p,p+1) =—1.

We then have A\;(A) =pif j € {1,...,p—1}, and \p_14x(A4) = \e(Lp, ) (0,4) for
ke {1,q—2}. Also A\pjq—2(A) = Apig—1(A) = 0. In addition, A\ (B) = 2, and \;(B) = 0,
Vie{2,...,p+q—1}.

We use A\;j(A) < Xj(A+B),j=1,...,p+q—1, see (3.2), as lower bounds.

For the upper bounds we first note that

M(A+B)<A(A)+M(B)=p+2.
For j€2,...,p—1 we have
Aj(A+ B) <min{\;(A) + M (B),..., \i(4)} = p,
since \;(B) =0, Vj € {2,...,p+ ¢ — 1}. Similarly
Ap(A+ B) <min{A,(A) + A\i(B), ..., A\(A)} = min{\(Lp,) + 2,p}.

In the case p > 6 we also have A\;(Lp,) +2 < 6 < p, therefore \,(A + B) < p.
Forje{p+1,....p+q—1},ie.j=p—1+k ke{2,...,q—2}, we have

)\p_1+k(A + B) S min{)\k(qu) + )\1(3), )\k_l(qu), ey )\1(14)}
= min{)\k(qu) + 2,)\]@71(qu)} <4

using )\k—l(LPq) <4 <p. Also /\p+q_2(A—|—B) < min{Q, )\q_l(qu)} <4, and )\p+q_1(A+
B) = 0. The statement follows by combining the above with the lower bounds. O

3.2. Clique eigenvectors

We show the existence of eigenvectors that are strictly zero outside the clique com-
ponent K.

Proposition 3.3. Let L be the Laplacian of the graph K, ® P,, p > 3, ¢ > 1. Then there
exists a subspace Ex of dimension p—2 such that v € Ex satisfies Lv = pv, and v; =0,
forall j notin {—p+1,...,—1}.

Proof. Let k € {2,...,p — 1} and define the vectors v* € I? by
=1, oF=-1, =0, VjeV\{-1,-k} (3.3)

We check that the v* are linearly independent. The statement follows by checking that
Lok = po* VE € {2,...,p — 1}. Consider first i > 1. Then
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(L"), = Z Liijf =0=poF (3.4)
jE{—l,—k}

since L;; = ¢;j = 01if i > 1, j < —1 by (2.3)-(2.5). In the case i € {—(p —1),...,0} \
{—1,—k} we have

(L’Uk)i = Z Lij’U?

je{fl’fk}

=Li1—Li_=ci—1—ci—p=0=p}, (3.5)
by (3.3), (2.3)-(2.5). Also,

(L") = Y Loao)

Jje{-1,—k}

=Ly 1—-Log p=@p-1)+1=p=pt,, (3.6)

and

(L’Uk),k = Z L,k’jvf

je{-1,-k}

=L p1—Lpp=-1+(-(p—1)=-p=p*,. O (3.7)

An alternative proof follows from noticing that the eigenvectors of K, that vanish
at the sites connecting K, to the rest of the graph can be padded with zeros to form
eigenvectors of K, @ P,, see [22] and [23].

The result extends to the case ¢ = oo

Proposition 3.4. Let L be the Laplacian of the graph K, ® Py, p > 3. Then there exists
a subspace Ex € 1% of dimension p — 2 such that v € Ex satisfies Lv = pv, and v; =0,
for all j not in {—p+1,...,—1}.

The result follows by noticing that the clique eigenvectors of finite chains K, @ P, can
be extended to be eigenvectors of K, ® P, by padding the sites beyond ¢ with zeros.

The next result is the existence of an “edge eigenvector”, that is constant on the nodes
of K, and decays exponentially in the chain component.

Let E be a real subspace of [?, then E+ denotes its orthogonal complement with
respect to (-, -).

3.3. Edge eigenvector for a clique connected to an infinite chain

We first introduce the transfer matrix formalism used to simplify the problem in
graphs that contain chains.
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3.8.1. Transfer matriz for a chain
The equation Lv = Av for the infinite chain V = Z with ¢;; = —1if |i—j| =1,¢;; =0
otherwise, is

—Vj-1+ 21}j —Vjp1 = /\Uj7 VjeZ. (38)

Define My, A € R, and z; by

Then (3.8) is equivalent to
zjt1 = Myz;, VjeL. (3.10)
The eigenvalues o of M) satisfy
0% = (=A+2)0+1=0,
they are

or = Z[(-A+2) £ /(A +2)2 —4]. (3.11)

DN | =

The corresponding eigenvectors v+ are

vt = (0‘1) : (3.12)

We have o o_ = 1. The discriminant of the equation in o is A = (2 — \)? — 4 and for
A € (0,4) we have A > 0 and elliptic dynamics for (3.8).

We will be especially interested in the case A > 4, where the dynamics is hyperbolic
and o satisfies the inequality —1 < o < 0.

Remark 3.5. Also, that for A > 4 we have

Y (i e Sy e

Proposition 3.6. Let L be the Laplacian of the graph K, ® Ps, p > 5, and let Ex be
as in Proposition 3.4. Then X\ > 4 is an eigenvalue of L with corresponding eigenvector
v € 12N Ex if and only if F(X\) =0, where

FO\) = (=A4+1Dop — (=A+p)(=A+1)+(p—1), (3.13)
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and oy = o4 (\) is as in (3.11). Furthermore, F(\) = 0 has exactly one solution in
(p,p +2), and no solutions in (4,p] U [p + 2, +00).

Proof. We construct v € [? that satisfies Lv = Av, A > 4. First, let v be orthogonal to
the span of the p — 2 eigenvectors of Proposition 3.4 (i), then

—V_p+1 +v_1 = 0, ) +v_1 = 0,
therefore
Vopy1 = ... =V_1= C() (314)
for some real Cy. Equation Lv = Av at the nodes ke Z={-p+1,...,—1}is
— Z v; + drvg = A\vg,
JEI\{k}
or

7(]7 — 2)C0 — v + (p - 1)Uk = \vg.
Using (3.14) we therefore have
vo = C1 = (=A+1)Co, (3.15)

i.e. the same relation, for all k € {—p+1,...,—1}.
The condition Lv = Av at the node k = 0 is

—1
— E Co,jV; + dovg — v1 = Ay,
Jj=—p+1

and reduces to
v1 = (=A+p)C1 = (p—1)Co = [(=A+p)(=A +1) = (p — 1)]Co. (3.16)
Furthermore, Lv = Av at the nodes j > 1 is
—vj_1 4+ 205 —vj41 = Av;, V> 1 (3.17)

We will show that (3.17) implies a second condition on vy, leading to an equation for A.

- vj ;
ZJ_(Uj+1>’ ]20,

Letting
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(3.17) is equivalent to
Zj41 = M)\Zj, Vj > 0, (318)

with M)y as in (3.9). Therefore 29 = avt +bv ™, a, b real, implies that (3.17) is equivalent
to

zn = aotvt +bo"v”, VYn >0, (3.19)

with o1, v* as in (3.11), (3.12) respectively. The assumption A > 4 and (3.11) imply
|o_| > 1. Therefore v € I? requires b = 0 in (3.19), in particular we must require

3+ (2)

V1 = 0409 = U+Cl. (320)

for some real a, or equivalently

By (3.15), we therefore have
v = 0'+(—)\ + 1)00. (321)

We may assume that Cy # 0, otherwise v vanishes at all nodes. Then, comparing (3.16),
(3.21) we have

or(-A+1)=(=A+p)(-A+1)—(p—1), (3.22)

which by o4 = o (\) of (3.11) is an equation for A.
We first check that there is at least one solution A € (p,p + 2). We let

FA) =04 (-A+1) = (=A+p)(=A+ 1)+ (p—1). (3.23)

F is clearly continuous, moreover

since o4 € (—1,0). Also
F(p+2)=-p(l+o4)—-B+04) <0,

by o4 € (—1,0).

To see that there is only one root of F in (p,
Ne (p,p+2). Let z = -\ + 2, and examine F(z
let 64 (z) = o4 (A(z)). By (3.23)

p + 2) we check that F'(\) < 0 for all
) = F(A(z)) for x € (—p, —p + 2). Also
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Fl(x)=[6(x) —x+2—p|+ (x — 1)(&(x) — 1). (3.24)
We claim that ¢'(z) < —1/2, Va € (—p, —p + 2). This follows from

#(w) = 5 +ha), @) = s

and h(—p) < 0, h?(=p) > 1, W (z) = —4(2*> —4)73/2 < 0, Vo € (—p,—p + 2). Then
h(z) < =1, Vz € (—p,—p + 2), and the claim follows. Then (3.24), —x +2 —p > 0,
x—1<—p+1, and (z) € (—1,0) lead to

_ 3
F'(z) > -1+ §(p— 1) >0,

Yz € (—p, —p+2), by p > 2. It follows that F'()\) = —F'(z) <0, YA € (p,p + 2).
To check that all solutions of (3.22), A > 4, are in (p, p+2), consider first A < p. Then
—(A+1) <p—1and by (3.22) we have

-1
0’+=p—)\+%21,

contradicting o4 € (—1,0). Assume now X\ > p + 2, then by (3.22) we have

-1
R

contradicting oy € (=1,0). O

We have the following theorem for the essential spectrum of the graph Laplacian of
K, ® P.

Proposition 3.7. Let L be the Laplacian of K, & Ps, Then o.(L) = [0, 4].

Proof. Recall that the essential spectrum is invariant under finite rank perturbations,
see e.g. [19]. The Laplacian of K, & Ps,, p finite, is a finite rank perturbation of the
Laplacian of the graph corresponding to Z* with nearest neighbor connections. The
essential spectrum of this graph [0, 4]. By the dynamics of the transfer matrix, for A >
4 we have hyperbolic dynamics, therefore Ap(L). For A € (0,4) we have oscillatory
dynamics, and generalized eigenvalues in v € [°°, v ¢ I2. Thus (0,4) € o.(L), moreover
[0,4] € 0.(L) since p(L) is open. O

Finally, the whole spectrum of K, @ P is given by the following theorem.

Proposition 3.8. Let L be the Laplacian of the graph K, ® P, p > 5. Then the spectrum
of L is a union of the disjoint sets [0,4] (the essential spectrum of L), and {\,p}, with
A€ (p,p+2) (the point spectrum of L).
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Remark 3.9. We note that by Proposition 3.4 for p = 3 we have a clique eigenvector
with eigenvalue A = 3 € [0, 4], i.e. an embedded eigenvalue. For p = 4 we similarly have
three clique eigenvectors at the boundary of the essential spectrum. In both cases there
is numerical evidence for an edge eigenvector outside [0, 4].

3.4. Asymptotic estimates for large p

For large p, it is possible to use F' and the relations established above to obtain
asymptotics for A, o4 and Cp. From F(\) = 0, we get

—1
oy —(“A+p)+ % =0. (3.25)

a+:1[2—)\+|2—)\|1/1—ﬁ]

Let us assume p > 1. Since A > p, we can expand o4 in powers of A and obtain

0+/;J+O(Qjm9. (3.26)

Inserting (3.26) into (3.25), we get

We can express o as

\V]

Solving step by step this expression, we obtain the final estimates

1
)\:p+1+0<1—7>, (3.27)
1 1
= ) —— 2
Cy T > (3.28)
1 1
= - —. 2
T TN 2T 1 (3.29)

These expressions are reported in Table 2 together with the numerical solution for the
graph G = P; @ Kg. As can be seen the agreement is very good.

3.5. Edge eigenvector for K, ® P,
Proposition 3.10. Let L be the Laplacian of the graph K, ® P, p > 6, ¢ > 3, and let Ex

be as in Proposition 3.3. Then A > 4 is an eigenvalue of L with corresponding eigenvector
v € Ex if and only if Fy(\) = 0, where
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Table 2
Edge eigenvector: A, o4 and Cj for the theory and the graph G = P, @ K.
A (e Co
Numerical solution 7.03 -0.205 -0.166
Theory 7.02 -0.2 -0.167
2q—3
1+o0
_ +
Fq()‘) = (_/\ + 1)U+ 1+ O’2q_1 - (_/\ +p)(_/\ + 1) + (p - 1)7

+
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(3.30)

and o4 = o4 (N) s as in (3.11). Furthermore, Fy(A) = 0 has ezactly one solution in

(p,p + 2], and no solutions in (4,p] U (p + 2, +00).

Proof. To construct v that satisfies Lv = Av, A > 4 and is orthogonal to the span of the
p — 2 eigenvectors of Proposition 3.3 we argue as in the proof of Proposition 3.6. First,

we must have

U_p+1:...:1}_1:CQ

(3.31)

for some real Cy. Arguing as in the proof of Proposition 3.6, Lv = Av at the nodes

k=-p+1,...,—1, and vg = C; leads to the condition
vo = C1 = (=A+1)Cy,
and Lv = Av at the node k£ = 0 reduces to
v = [(=A+p)(=A+1) = (p = D]Co.

Furthermore, Lv = Av at the nodes 1 < j < ¢ —2 is

Vi1 — 205 +vj41 = —/\Uj7 Vj e {1, s — 2}

Letting

(3.34) is equivalent to
zjp1=Myz;, Yje{l,...,q—2},
with M) as in (3.9). Therefore zg = av™ + bv™, a, b real, implies
zn = acivT +bo"v”, Vne{0,...,q—1}.

Evaluating at n = ¢ — 2 using (3.12) we have

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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[UH] = [wif +b0q_2] . (3.37)

q—1 q—1
Vg—1 acy " +bot

On the other hand, Lv = Av at the node ¢ — 1 is

Vg—2

v = (3.39)
Compatibility of (3.37), (3.38) requires
[ac?™? +bo% ) = acd" + bo? . (3.39)

-A+1

We may assume that one of a, b does not vanish, otherwise by (3.31), (3.32), (3.36) we
have the trivial vector. Assuming a # 0, (3.39) is equivalent to

b_of” <(‘A + 1oy — 1) . (3.40)

a Jg

1—(=A+1)o_

o+ are eigenvalues of (3.9) and therefore satisfy 02 — (=X +2)o + 1 = 0. Using —(=\ +
oy = —03 + 04 — 1 and o,0_ =1 we simplify (3.40) to

b g1 1 _
-t () -

a o 1—0_

By A > 4 we have o € (—1,0), thus b # 0. Assuming b # 0 we arrive at a/b = 027 # 0,
in a similar way. Thus a, b not both vanishing implies (3.41) and a, b # 0.
We now compare expressions (3.32), (3.33) for vg, v1, and 29 = av™ + bv™, using also

for the ratio b/a,
A+l B 1 pe1 | 1
o <—A+p><—A+1>—<p—1>] ‘“(lﬂ o LD 4

We may choose one of the components of v freely. Choosing Cp = (—\ + 1)1, the first
component of (3.42) leads to

a=(1+ao39"1

Then the second component of (3.42) leads to

2q—3
p—1 1403
(=A+p) — =04 5o T (3.43)
-A+1 1+o0

By (3.11) this is an equation for \. It is precisely the equation Fy(\) = 0, with F, as in
(3.30).
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| | \
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0 2 4

Fig. 3. Plot of the function Fy(X) for 0 < A < 4 showing the three chain eigenvalues for the graph P, @ Kg.

We now examine the roots of F,(\), A > 4. Assume first 4 < A < p and F,(A) = 0.
Then the left hand side of (3.43) satisfies

by the hypothesis A < p. One the other hand, o4 € (—=1,0) by A > 4, therefore

1+ Uiq_s

2q—1

€ (0,1).
Ty i € 01

The right hand side of (3.43) is then in (—1,0). Thus F; has no roots in (4, p|.

By Proposition 3.2 we have A\ (L) < p + 2, thus all solutions of F'(A) must belong
to the interval (p,p + 2]. It follows that F'(A) = 0 has exactly one solution in (p,p + 2],
otherwise we would have A1(L) < p, contradicting Proposition 3.2. O

3.6. Chain eigenvectors for q finite

In the arguments above, the condition A > 4 was only used to locate the roots of Fj,.
We can therefore use The function Fq()\) to study the eigenvalues 0 < A < 4. In this
region, the roots ¢ are imaginary and on the unit circle. It is easier to describe them

using the phase

4—(2-X)?
From this expression, we can write F, as
Fy0) = (-4 1)@ Feos@a=Dd) v\ ) bpo1. (3.45)

1+ cos((2g — 1)9)

This function of A is plotted in Fig. 3 for the graph Py & K.
The eigenvalues are the zeros of the function F(A) whose graph is presented in Fig. 3.
Once these zeros are estimated, relation (3.15) allows to compute the ratio of the eigen-
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Table 3

Comparison of the zeros of the function F,(\) and the chain eigenvalues A,, for the graph P4 @® K¢ presented
in section 2.2. The ratio of the eigenvectors components at the edge and inside the clique are given in the
last two columns.

n zero of Fg(X\) An Co = =% vy Jvy
8 0.265033 0.26503 1.360 1.361

7 1.51622 1.5163 -1.9365 -1.9368
6 3.1832 3.1832 -0.4580 -0.4580

vector components at the edge and inside the clique. The results are summarized in
Table 3 for the graph P, ® Kg presented in section 2.2.

As can be seen, the agreement between the eigenvalues and the zeros of Fj(\) is
excellent. The ratios of the eigenvectors at the edge and inside the clique also agree well
with the ones of section 2.2. Without normalization, the eigenvector components v;! in
the chain section would be

v = Ay cos [Ap(k —5)] + By sin [A,(k — 5)],
with A,,, B, chosen as to satisfy the boundary condition at the end of the chain.
3.7. Spectrum of K, ® P,

We have the following theorem summarizing the spectrum of the Laplacian of K, ® P,.
Proposition 3.11. Let L be the Laplacian of the graph K, ® P,, p > 3. Then the spectrum
of L consists of the eigenvalue p, of multiplicity p— 2, a simple eigenvalue X € (p,p+ 2],
and q eigenvalues in the interval [0,4] (that include the simple O eigenvalue).

4. Two chains connected to a clique

We now consider graphs denoted by G = P, & K, ® P,,, with p > 3, q1, ¢2 > 2
positive integers, defined by the vertex set

V = VQly* U VP:* U qu’+7 VQL* = {_Q1 _p+ 27 —q2 _p+ 37 ey, TP — 17 _p}u (41)

with V, _, V,, + as in (2.2), and a connectivity matrix ¢ that satisfies

Cij = -1, WVi,5¢€ Vp’,, (42)
Cop—p+1 = Copt1,—p = C01 = €10 = —1, (4.3)
¢ = —1, Vi, j € Vo, — UV + with |Z —j| =1, (44)

and ¢; ; = 0 for all other pairs (7, j) € V x V. We now have a complete graph of p nodes,
the set V, _, joined to two chains of ¢; — 1, g2 — 1 nodes by (4.3).



J.-G. Caputo et al. / Linear Algebra and its Applications 605 (2020) 29-62 47

Lemma 4.1. Let L be the graph Laplacian of the graph Py, © K, ® Py,, p > 6, q1, g2 > 4.
Then A\i(L), A2(L) € [p,p+ 2], and X\;(L) = p, for every j in {3,...,p — 1}. Also,
Ap(L), Apa(L) € (0, min{M(Lp,) +2,p}) (C (0,p) if p = 6), ¢ = maz{q1,q2}, and
Aj(L) €[0,4), for every j in {p+3,....p+ ¢ + g2 — 2}.

Proof. We will apply the Weyl inequalities (3.2) using the decomposition L = A + B,
where A is the (p +¢1 + g2 — 2) X (p+ @1 + g2 — 2) block diagonal matrix with blocks
Lqu’ Lk,, and qu2. Then the only non-vanishing elements of B are B(q; —1,¢q1 —1) =
Blgi,q1) = Blan +p—1,q1 +p—1) = Bla1 + p,q1 + p) = 1, and B(q1,¢1 — 1) =
Blgg—Lq)=Bl@+pa+p—1)=Bl@a+p-—1qa+p =-L

We then have \;(A) =pifj € {1,...,p},and A\p_11x(A4) =€ (0,4) for k € {1,¢1+¢1 —
4}, Also Apigri1ga—4(A) = Aptgr+ga—3(A) = Aptgi+g.—2(A) = 0. Furthermore, A\ (B) =
Xo(B)=2,and \;(B)=0,Yj €{3,....p+q + ¢ —2}.

We use A\j(A) <XNj(A+B),j=1,....,p+q + g2 — 2, see (3.2), as lower bounds.

For the upper bounds we first have

M(A+B)<M(A)+M(B)=p+2,
A2(A+ B) < min{Az(A) + Ai(B), Ai(A) + AB)} =p+2.

For j€3,...,p—1 we have
using A\;(B) =0,Vj € {3,...,p+ ¢ + ¢2 — 2}. Also,

Ap(A+ B) <min{A,(A) + A\ (B), \p—1(4) + X2(B),..., A1(A4)}
= rnin{max{)\l(qu1 ), )\1(qu2)} +2,p},
Ap+1(A+ B) <min{Ap11(4) + Mi(B), Ap(A) + A2(B), -, A(A)}
= min{max{\i(Lp, ), M\ (Lp,, )} +2,p}.
If p > 6 then A\ (Lp,) +2 < 6 < p, therefore \,(A + B), \p11(A+ B) < p.
FOI‘j € {p+277p+Q1+q2_5}7 lej:p_1+k7 ke {377P+Q1+Q2—4}a we

have

Ap—1+k(A+ B) < min{max{\;(Lp, ), \(Lp, )} +2..., (A)}

= min{max{\;(Lp, ), \(Lp, )} +2,p},

Also

)‘P+Q1+qz—4(A + B) < l:}n2{2’ /\qj—2(Lqu ) + 27 /\q1—3(Lqu )}7



48 J.-G. Caputo et al. / Linear Algebra and its Applications 605 (2020) 29-62

therefore A\pi ¢, 4q,—4(A+ B) < 4if q1, g2 > 4 using (2.1) for \;_3(Lp,), ¢ > 4, and

)‘P+Q1+QQ—3(A + B) < .

%112{27 )\qj—Q(Lqu) < 47

Aptqi+ga—2(A+ B) = 0. The statement follows by combining the above with the lower
bounds. O

4.1. Clique eigenvalues

Proposition 4.2. Let L be the Laplacian of the graph Py, © K, ® Py,, p > 4, q1, g2 > 2.
Then there exists a subspace Ex of dimension p— 3 such that v € Ex satisfies Lv = pv,
and v; =0, for all j not in {—p+2,...,—1}.

Proof. Let k € {2,...,p — 2} and define the vectors v* € 12 by

o =1, oF=-1, W) =0, VjeV\{-1, -k} (4.5)

The v* are linearly independent and the statement will follow by checking that Lv* =
poF Ve {2,...,p—2}. Leti >1ori<—(p—1)— 1. Then (Lv*); = pvF, as in (3.4).
The case i € {—(p —1),...,0} \ {—1,—k} is as in (3.4). The cases i = —1, —k follow
from (3.6), (3.7) respectively. O

As for the chain connected to a clique, the result extends to the case of two infinite
chains ¢q1, g2 = oo.

Proposition 4.3. Let L be the Laplacian of the graph Pso ® K, ® Ps, p > 4. Then there
exists a subspace Ex € 12 of dimension p — 3 such that v € Ex satisfies Lv = pv, and

4.2. Edge eigenvalues

Let v € 2 be an eigenvector of L for the graph P, & K,® P, g > 2 (including the case
g = 00). Then v is symmetric if v_,_1_,, = vy, for all integer n > 0, and antisymmetric
if v_p_1-p, = —vy, for all integer n > 0.

Proposition 4.4. Let L be the Laplacian of the graph Pso ® K, ® Px, p > 5, and let
Ex be as in Proposition J.2. Then all eigenvectors v € I> N B of L corresponding to
eigenvalues A > 4 are either symmetric or antisymmetric. A > 4 is the eigenvalue of a
symmetric eigenvector v° € 1> N Ef of L if and only if Fs()\) = 0, where

Fs(A\) = (A +2)oy — (A +p—1)(=A+2)+2(p—2). (4.6)



J.-G. Caputo et al. / Linear Algebra and its Applications 605 (2020) 29-62 49

A > 4 is the eigenvalue of a symmetric eigenvector v € 1> N E% of L if and only if
Fy(N) =0, with

Fa(AN) =04 —(=A+p+1). (4.7

oy = oy (A) in (4.6), (4.7) s as in (3.11), Furthermore, both equations Fx =0, Fg =0
have ezactly one solution in (p,p+ 2) and no solutions in (4,p] U [p + 2, +00).

Proof. We construct v € 2 that satisfy Lv = \v, with A > 4. We first let v be orthogonal
to the span of the p — 3 eigenvectors of Proposition 3.4, or

—V_p42 +v_1 = 0, oo — Vg + V1 = 0,
therefore
Vopy2 = ... =V_1 = CO (48)

for some real Cy. We also let

Ci=vy, C_1=v_pt1. (4.9)
The condition Lv = Av at the nodes k = —p+2,...,—1 leads to
(p—3)Co+C1+Cq1— (p—1)Co = —ACy, (4.10)
forall k=-p+2,...,—1, or
C1+C_1 = (—2+2)C,. (4.11)
Let
Co=v1, c_a=v_p. (4.12)

Then Lv =M at k=0 1is
-1
— Z Co,jV; + dovg — v1 = Ay,
Jj=—p+1
and reduces to

C_1+(p—2)Co+Co=(=A+p)C1. (4.13)

Similarly, Lv = Av at k= —p+ 1 is
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—1

- E , Copr1, U dop1Vopir = Vp = AV_py,
Jj=—p+1

and reduces to
Ci+(p—2)Co+Cg=(-A+p)C_1. (4.14)

Considering Lv = Av at the nodes j > 1, we argue as in the proof of Proposition 3.6
to obtain

CQ = O'+Cl. (415)
On the other hand, Lv = Av at the nodes j > —p is
—Vj-1 + 2’[)j —Vj41 = )\’l)j, V] S —p. (416)

Letting

= Y P> —
z]—(vj+1)7 JZ =D

zjt1 = Myzj, Yj<-p-—1, (4.17)

(4.16) is equivalent to

with My as in (3.9), or
Zpen = (M) "2y, VYn >0, (4.18)
therefore if z_, = av™ + bv™, a, b real, we have
Zepn = ac vt +bo""vT = ac” vt +botvT, V,n>0 (4.19)

by 0_oy = 1. By A > 4, |o_| > 1, the condition v € I? leads to a = 0. We must then
require

0_2 = 0’+C_1 (420)

by (4.9), (4.12).
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The possible eigenvectors v € 12 N Ext of L are determined by equations (4.11),
(4.13), (4.14), (4.15), (4.20) for the C_,,...,Cy. We claim that there are only two non-
trivial solutions, corresponding to C_; = Cy and C_; = —(', leading to symmetric and
antisymmetric eigenvectors respectively.

To show the claim, we first use (4.15), (4.20) to reduce the system to three equations
for C_y, Cy, C1. We then add and subtract (4.13), (4.14), to obtain

(C_1+C)(A+p—0oyr—1)=2(p—2)Cy, (4.21)
and
(Co1=C) (=140 +AX—p)=0. (4.22)
By (4.22) we either have C_; = Cy, the symmetric case, or
or=—-A+p+1, (4.23)
which by (4.21) implies
—(C_1+C1) = (p—2)Co. (4.24)

Suppose that Cy # 0, then (4.24), (4.11) imply A = p. Then (4.23) implies o = 1, but
this contradicts oy € (—1,0), from (3.11) with A > 4. It follows that Cy = 0. By (4.23)
we then have C_; = —(C1, the antisymmetric case.

To see that the corresponding eigenvalues belong to (p,p + 2) we first consider the
antisymmetric case C_1 + C7 = 0. The eigenvalue A then satisfies (4.23), with o4 as in
(3.11). Let

Fa(\) =04 — (A +p+1). (4.25)

F4 is continuous and Fa(p) = 04 —1 < 0by oy € (—1,0). Also, Fa(p+2) = o4+1 > 0 by
o+ € (—1,0). Therefore we have at least one antisymmetric eigenvector with eigenvalue
A€ (p,p+2).

We check that F/y(\) > 0 for A € (p,p +2). Let £ = —\ + 2, and examine F(z) =
F(\(z)) for z € (—p, —p +2). We have

Fi(z)=6"(z)—1<0.

We saw in the proof of Proposition 3.6 that ¢'(z) < —1/2, for all z € (—p, —p + 2),
therefore F'y(\) = —F"(z) > 0, for all X\ € (p,p + 2).

Also, A < p would imply oy > 1 by (4.23), contradicting o4 € (—1,0). Similarly,
A > p+2and (4.23) would imply o4 < —1, a contradiction.
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We conclude that equation (4.23) for antisymmetric eigenvectors has exactly one so-
lution in (p,p 4+ 2) and no other solution satisfying A > 4.

In the symmetric case C_y = C1, by (4.11) we must also have Cy # 0, otherwise
we have a trivial solution. Combining (4.21) and (4.11), the corresponding eigenvalue A
must then satisfy

(=A4+2)(=A+p—0r—1)=2(p—2), (4.26)
or equivalently
C N4p_1_9P=2
or=—-A+p-1 2_)\+2. (4.27)
Let
Fs(A\) =(=A+2)oy — (= A+p—=1)(=A+2)+2(p—2), (4.28)

with o4 asin (3.11). Fg is continuous and we have
Fs(p)=(p-2)2-04)>0
by o4 € (—1,0). Also,
Fs(p+2)=-p(l4+04)—4<0

by o4 € (—1,0). There then at least one symmetric eigenvector with eigenvalue A €
(P, +2). .

We see that F§(A) < 0 for A € (p,p+2). Let x = —A+2, and examine F(z) = F(A(z))
for x € (—p, —p + 2). We have

F4(z) =64 (x) + 26, () =22 —p+ 3.

By © < —p + 2 we have —2z > 2p — 4, therefore

Fs(x) > xc! (x) +p—1+64(x).

We saw in the proof of Proposition 3.6 that 6'(z) < —1/2, for all z € (—p,—p + 2),
therefore z6’, () > 0, Vo € (—p,—p+2). Alsop—1+64 > p—2> 0. Thus F§(\) =
—FL(z) <0, for all A € (p,p +2).

Also, suppose that A < p, then —(=A+2) < p — 2 and (4.27) would imply

—9
a+z—1+2%21,

contradicting oy € (—1,0). Similarly, A > p+ 2 and (4.27) imply
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o, < —3-2

p—2 p—2
<-3+2—— < -1
“A+2 - + p —
contradicting o € (—1,0).
Thus equation (4.26) for symmetric eigenvectors has exactly one solution in (p,p+2)
and no other solution satisfying A > 4. O

Remark 4.5. The eigenvalue corresponding to the antisymmetric eigenvector is larger
than the one for the symmetric eigenvector. In section 4.4 we derive the asymptotic
estimates (4.32), (4.33) of these eigenvalues for large p.

Proposition 4.6. Let L be the Laplacian of Ps @ K, @ Pso, p > 6. Then o.(L) = [0,4].

The proof uses the argument of Proposition 3.7.
As for K, ® P, we have the following theorem for the spectrum of P, ® K, ® Px,
p > 6.

Proposition 4.7. Let L be the Laplacian of the graph Poo U K, U Ps, p > 6. Then the
spectrum of L is a union of the disjoint sets [0,4] (the essential spectrum of L), and
{1, A2, p}, with Ay > Aa € (p,p+ 2) (the point spectrum of L).

Remark 4.8. By Proposition 4.3, for p = 4 we have three clique eigenvalues A = 4 €
oe(L).

4.8. Edge eigenvectors for Py, ® K, ® P,

We have the following proposition showing the existence of two edge eigenvectors for
the graph P, ® K, ® P,,.

Proposition 4.9. Let L be the Laplacian of the graph Py, © K, ® P,,, p > 6, ¢1, ¢2 > 3.

Then X > 4 is an eigenvalue of L with corresponding eigenvector v € Ej if and only if
Dy, p.g2(N) =0, where

D417P7Q2 ()‘) = (p - 2)(2 - ch - th) - (_)‘ + 2)(QQ1Q¢12 - l)a (429)

where

1+ Jiqfs

O+ 2q—1
1+o0%

Qq_

— (=A+p), (4.30)

and oy = o4 (X) is as in (3.11). Dy, p.q,(N) = 0 has ezactly two solutions in (p, p+2] and
no solutions in (4,p] U (p + 2,+00). In the case g1 = g2 = q, we have the factorization
Dy, p,as(A) = —Fa,q(N)Fs,q(A) with
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Fig. 4. Plot of the functions Fs()A) and Fa (X)) for the graph Poo @ Kg @ Poo.

FogA) = (=2A+2)(Q +1) +2(p - 2), Fa,(A) =1-0Qq (4.31)

Solutions of Fg q(A) =0, Fa q(X) = 0 correspond to symmetric and antisymmetric eigen-
vectors of L respectively. Furthermore, both equations Fa 4(A) =0, Fgq,(A) =0, ¢ > 3,
have exactly one solution in (p,p + 2) and no solutions in (4,p] U [p+ 2,4+00).

The proof combines the arguments of Propositions 4.4, 3.10 and is given in the ap-
pendix
We have the following theorem for the whole spectrum of the graph P, © K, ® F,,.

Proposition 4.10. Let L be the Laplacian of the graph Py, ® K, ® Py,, p > 6, q1, q2 > 2.
Then the spectrum of L consists of the eigenvalue p, of multiplicity p—3, two eigenvalues
A1, A2 € (p,p + 2]. All other eigenvalues are in the interval [0,4]

4.4. Numerical calculations and asymptotic estimates for large p

Fig. 4 shows the functions F4(\) and Fg()). In the following, we derive asymptotic
estimates for their zeros A. For that we will use the asymptotic estimates of oy (3.26)

1
oy N ——
T2
First, assume an antisymmetric solution so that Cy = 0 Then,
FaAN) =0y —(-A+p+1a=0
From this equation, we get
——=-A+p+1

which yields the following second degree equation for A

M -AXp+3)+2(p+1)—1=0.
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The interesting solution is

p+3
2

A= + = J +3)2—4(2p+1)

Expanding the square root, we obtain the final estimate
1
A=p+1+—, (4.32)
p

which yields A = 7.16 for p = 6 close to the numerical value. The quantity o is

S N
p(l1—p)—1

For p = 6, we have o ~ —0.19.
For the symmetric case, we have

Fs(\) = (-A+2)0y — (A +p—1(=A+2)+2(p—2)=0

Substituting equation (3.26) in Fs(A) = 0 yields the following second degree equation
for A

M —Ap+1)+2=0.

The interesting root is

p+1 1
A="" 4= 1)2-8.
5 T3Vt

Expanding the square root as above yields the estimate

2
A=p+l1- " 4.33
p+ ] (4.33)

For p = 6, we obtain A & 6.71. Fig. 4 shows that the zeros of F4()\) and Fs(X) correspond
to the asymptotic estimates given above.

5. Graphs of complete graphs: results and conjectures

To conclude the article we present two conjectures on the spectrum of graphs com-
posed of complete graphs K, connected by chains.
We introduce a graph of complete graphs with the following.

Definition 5.1. A graph of complete graphs is the set G = {V,E} where V =
{Kp,, Kp,, .., Kpy } where K, is a p; complete graph. The edges are chains connecting
the vertices K, .
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Fig. 5. A graph of 5 complete graphs connected by chains.

1111 —
| 1111 —
05 | “’H\ 10.805
J‘J’K\\ .
/B
0t by RN
-0.5
1 . . . .
0 5 10 15 20 25

Fig. 6. Plot of the three edge eigenvectors computed numerically for the graph G = K10 @ C' @ C? @ CB.
The clique is K19 = {1,2,...,10} and the chains are C* = {20, 21,22}, C? = {16,17,18,19} and C° =
{11,12,13, 14, 15} connected at vertices 1, 5 and 10 respectively.

An example of such a graph of complete graphs is shown in Fig. 5.
Assume p; > 5 and the length of the edges (chains) greater than 3 and denotes d; the
degree of K, in G. We have the following result.

Proposition 5.2. For a graph of complete graphs G there are at most p; — d; — 2 clique
eigenvalues p; for i € {1,...,N}. There is exactly p; — d; — 2 clique eigenvalues if K,
is connected to edges at different vertices.

The proof is an immediate generalization of the results on the clique eigenvalues
obtained in sections 3 and 4.
We also give the following conjecture.

Proposition 5.3. For a graph of complete graphs G there are d;, i € {1,...,N} edge
eigenvectors with eigenvalues in (p;, p; + 2).

As a numerical example, we show a graph G composed of K1y and three chains.

There are N edge eigenvectors of eigenvalue A > p. One of them is symmetric, and
N — 1 are antisymmetric. For the antisymmetric edge eigenvector, the eigenvalue is
the one calculated for the graph with a clique and two chains. For example for the G =
K10®C'®C?3®C? we have A\ = 11.11 for the antisymmetric eigenvector. Both symmetric
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and antisymmetric eigenvectors can be labeled using a three component vector with
+1, each component corresponding to a chain connected to Kig. Using this shorthand
notation, the symmetric and antisymmetric eigenvectors are

) () - (8)

where the antisymmetric eigenvectors correspond to the eigenvalue of multiplicity N—1 =
2. These eigenvectors are shown in Fig. 6.
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Appendix A. Proof of existence of edge eigenvector for P;,, & K, @ P,,
Proof. To construct v that satisfies Lv = Av, A > 4 and is orthogonal to the span of

the p — 3 eigenvectors of Proposition 4.2 we argue as in the proof of Proposition 4.2.
Considering Lv = Av at the sites j = —p+1,...,0, and letting C_3 = v_,, C_1 = v_py1,

Co=v_pt2=...=v_1, C1 =19, and C2 = v; we obtain the equations
Ci+C_1= (—>\+2)C0, (Al)
Co14+(p—2)Co+ C2 = (=A+p)Ch, (A.2)
Ci+(p—2)Co+Cy=(-A+p)C_1, (A.3)

ie. asin (4.11), (4.13), (4.14).

We will express Co, C_5 in terms of the Cy, C_1 respectively by analyzing the Lv = \v
at the remaining sites.

Consider first Lv = Av at the nodes 1 < j < g9 — 2,

—Vj-1 + Z’Uj —Vj41 = )\'Uj, V_] € {17 ey Q2 — 2} (A4)

We argue as in the proof of Proposition 3.10. Letting z; = (vj7vj+1)T, 0<ji<qg—1,
(A.4) is equivalent to

Zj+1 21\4,\,2]'7 Vj e {1,...,(]2—2}, (A5)
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with M) as in (3.9). Then zo = agv™ + bav ™, ag, be real, implies
Zn = agoiv+ +byo”v™, VYne{0,...,q2 —2}. (A.6)
Evaluating at n = ¢ — 2 and comparing to Lv = Av at the node n = ¢o — 1, namely

Vgo—2
V-1 = T (A7)

we arrive at

1
-A+1

[agcrf*Q + byo 7Y = (],20'3_271 + by (A.8)
Arguing as in the proof of Proposition 3.10 we have

b

2 = gl (A.9)

and agby # 0. Comparing expressions for vg, v1, and zg = azv™ + bav™, using also (A.9)

+ o3t [01 D . (A.10)

for the ratio by/ag, we must require

)=

Then
— 2q2—1 _ 2q2—2
Cr=ax(1+0"7"), Co=as(op+0777), (A.11)
and therefore
1 2(12_3
Co=Crop 0% (A.12)
1 +O’+q2

Consider now Lv = Av at the nodes —p — ¢ +3 < j < —p,

—Vj-1+ 2’Uj —Vj41 = )\’Uj, Vj S {7}) -—q+3,..., 71[)} (A13)

Letting z; = [v;,vj41]7, —p—q1 +2 < j < —p — 1, (A.13) is equivalent to
Zj+1 :M)\Zj, Vj € {—P_Q1+2,...,—p—1}. (A14)
Then z_p_g, 1240 = M{2_p_g,42, n € {0,...,G1 — 2} and for n = ¢; — 2 we have

F-p = Mgl_Qz—p—qﬁ-? (A.15)
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Setting z_, = vt + byv~, we then have

Zepeqire = (M1 22, = arot 2yt 4 b103_172v_. (A.16)
Therefore
Vop—qi+2 | _ ao” % 4+ b10$72 A
- q1—3 a—3 | ( '17)
V_p—q1+3 a10_ + b10'_

At the same time, Lv = Av at the node —p — ¢1 + 2 yields

V_p—q:1+3
Vg = D, (A.18)

Comparing (A.17), (A.18) we must have

1
—A+1

[alaiﬁ?’ + b0 ¥ = alolj}*z +bio? 2, (A.19)

Note that this is (3.39) in the proof of Proposition 3.10 with ¢ = ¢; — 1, a = a1, b = by,
and o+ = 0. Arguing similarly we have

@1 _ o213, (A.20)
ba

Comparing expressions for v_, = C_o, v_p11 = C_1, and 2_, = ajv™ + bov ™, using also
(A.20) for the ratio a1 /bs we must require

[g_j] =b <oiq13 l; + ;_D : (A.21)

Then
Coo=b1(c3" 2 +1), O_i=bi(07" 7 +0.), (A.22)

and
2q1—3
C o= 0‘1‘”11;7%;—1' (A.23)
By (A.12), (A.23), system (A.1), (A.2), (A.3) is reduced to

Ci1+C_1—(-2+2)Cy =0, (A.24)
Qe C1 +Co1+ (p—2)Co =0, (A.25)

Ci + quC_l =+ (p — 2)00 =0, (A26)
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with Qg as in (4.30). This is a homogeneous system of the form Mz = 0, with z =
[C_1,C1,Cy], M defined implicitly by (A.24)-(A.26).

We compute that detM = Dy, p.q, (), with Dy, 5 4, (A) given by (4.29). We then have
the first statement of the proposition, since the trivial solution of would lead to a trivial
solution of Lv = Av.

We now examine Dy, , 4,(A) = 0 with A > 4. We first show that there are no solutions
in (4,p]. By (4.29) Dy, p.¢.(A) = 0 is equivalent to

(p - 2)(2 - ch - Q%) = (>‘ - 2)(1 - Q‘thz)' (A27)

By A > 4, we have o4 € (—1,0), and Gy = (1 + 037 ) (1 + 037)~1 € (0,1). By
definition (4.30) we then have Q4 € (—1,0); Assume X € (4, p], then the right hand side
of (A.27) satisfies

(P—=2)2-Qqy —Qq) >2(p—2)(p—A+1)>2(p—2). (A.28)

Considering the left hand side of (A.27), we have

1-Q4Qq4 <1 (A.29)

since
Q41QQ2 = UiGQIGQQ + (p - /\)(_UJrG(h - U+GQ2 +p— )‘) > 0.

If1-Qq Qg, <0, then the left hand side of (A.27) is nonpositive, and by (A.28), equality
(A.27) can not be satisfied. If 1 —Qy, Qq, > 0, then the assumption A € (4, p], and (A.29)

imply
(/\ - 2)(1 - ququ) <p-— 2.

By p > 2 and (A.28) we see that again (A.27) can not be satisfied.

Combining with assumption p > 6 and Proposition 4.1, all solutions of Dg, p 4,(A) =0
with A > 4 must belong to the interval (p, p + 2]. moreover Dy, 5, ¢,(A) = 0 has exactly
two solutions in (p,p + 2].

We now consider the case ¢1 = ¢2 = ¢ we have the factorization Dy, 4, (A) =
—Fa (N Fs ().

We first check that Fg4(A\) = 0, Fa,4(A) = 0 correspond to symmetric and antisym-
metric modes respectively, we add and subtract (A.25), (A.26) obtaining

(Cy+C_)Qy+1+2(p—2)(-A+2)"']=0, (A.30)
(C1 —C_1)[Q, — 1] =0. (A.31)
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Consider the eigenvalue satisfying F'a 4(A) = Q4 —1 = 0. Suppose that C; +C_1 # 0.
Then to satisfy (A.30), we must have Q, + 1+ 2(p — 2)(—A +2)~! = 0, or equivalently
to A = p. Then by the definition of Q) in (4.30), @y —1=101s

B 1+ Uiq_l

2q—3°

oL =
* 1+oy

By A > 4 we have o4 € (—1,0). On the other hand

1 +03_5+1 B 1— |J+|2:j+1

1+030" 1= oy Pt

> 1,

thus Qq — 1 # 0. We therefore have C; + C_; = 0, and Cy = 0 by (A.24). By (A.11),
(A.22) we also have C_y = —C, and by Lv = Mv at sites j > 1, j < —p of the graph
we obtain viy, = —v_p_p, Vn € {1,...,¢ — 2}. Thus the corresponding eigenvector is
antisymmetric.

Consider the eigenvalue satisfying Fa ,(A) = Q, + 1 +2(p —2)(=A +2)~! = 0. By
the previous this can not hold if @, —1 = 0. Thus C; — C_; = 0. By (A.11), (A.22)
we also have C_g = (5, and by Lv = Av at sites j > 1, j < —p of the graph we obtain
Vign = U_p_p, ¥n € {1,...,§ — 1}. Thus the corresponding eigenvector is symmetric.

To see that we have exactly one symmetric and one antisymmetric eigenvector, we
observe that by (4.31), o4 € (—1,0),

1+ Jiqfs

2q—1

—-1<0,
1+oy

Faqp) =04

and
1+ 01‘173

1+ Uiq_l

Faqlp+2)=o0y4 +1>0,

assuming g > 2. F4 4()) therefore has at least one root in (p,p + 2). Also,

1—g273
Fsq(p)=(p—2) U+ﬁ+1 > 0,
and
Fys(p+2)=-p G+%+l <0,
I 1+0f

assuming q > 2. Fs 4,(\) therefore has at least one root in (p,p + 2). By the count of the
roots of Dy, p.q,(A) for A > 4 above, there exist unique A4, Ag € (p,p + 2) satistying
Fyq(Aa) =0, Fs4(Ag) = 0 respectively, moreover these are the only roots of Fla 4(Aa),
Fs7q(/\s) with A > 4. O
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